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Proving Program Inclusion Using Hoare's Logic

by
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ABSTRACT

We explore conservative refinements of specifications. These form a
quite appropriate framework for a proof theory for program inclusion based
on a proof theory for program correctness.

We propose two formalized proof methods for program inclusion and
prove these sound. Both methods are incomplete but seem to cover most

natural cases.
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ITRODUCTION

This paper aims at a detailed study of program equivalence, seen from
voint of view of Hoare's logic for program correctness. Because program
tsion is just halfway program equivalence we can safely restrict our
ition to program inclusion. This moreover has the advantage of connec-
closely to the theory of programming using stepwise refinements as
‘ibed in BACK [2].

Our work can be seen as belonging to the subject of axiomatic seman-—
for programs. Its novelty lies in the precise mathematical analysis
le situation, in addition to a rather strict adherence to first order
! systems and first order semantics for data type specifications.

Deriving program equivalence from program correctness properties is
| new idea, of course. It occurs in compiler correctness proofs, for
immce HEMERIK [16], and RUSSELL [23], as well as in the general theory
‘ogram correctness HAREL, PNUELI & STAVI [15].

Because of our interest in a proper theoretical analysis, we try to
11ze the semantical problems by working with while-programs only; this
) means trivializes the problem.

In the sequel of this introduction an intuitive account is given of

tey definitions that underly the paper.

TION. Suppose that for S],S2 € WP(Z) we have

Alg(Z,E) |= S]E.S (semantical inclusion)

2

-hat we wish to prove this fact. Now obviously, (i) implies
Alg(Z,E) |={p}82{q} = Alg(:Z,E) | {p} s {q}, for all p,qeL(Z).

rer, there is no reason to expect that the reverse implication

= (i) will hold, since (ii) states only roughly that S1 L s,, where

2
thly' refers to the limited expressive power of L(Z). (In fact, Remark

?) shows that indeed (ii) # (i).) Now consider




(3]

(iii) V(z',E') 2(Z,E) Vp,qeL(z")

Alg(z',E') | {p}s,{q} = Alg(z',E") F {p} s, {ak

learly (i) = (iii) = (ii). (For (i) = (iii), note that if (Z',E") 2 (3,E),
‘hen the reducts of (2',E")-algebras to I form a subset of Alg(Z,E); hence
1g(Z,E) [ s,Es, = Alg(z',E") | s,C s

In fact, we will restrict our attention to a subclass of all refine-

2')

ents (2) of (Z,E), namely to the comnservative refinements (k) of (I,E),

or reasons which will be clear later. So consider

iv) V(Z',E') & (Z,E) Vp,qeL(Z')

Alg(Z',E') = {p} S,{a} = Alg(z',E") | {p}Sl{q}.

ow we have (i) = (iii) = (iv) = (ii); and it turns out that (iv) = (i).
See Remark 7.8(3)). The conclusion is that one can treat the 'semantical’
nclusion (i) by considering only first order properties of S],S2 (i.e. as-
erted programs {p} Si {q}, i = 1,2), provided one is willing to consider
ot only (Z,E), but all its (conservative) refinements.

This observation prepares the way for an approach via Hoare's logic

E proving asserted programs. First of all, define

7) s, C S, iff Vp,q e L(Z)(HL(L,E) | {p}s, {q} =
HL (Z,E)

HL(Z,E) | {p} $, {a})  (proof theoretical inclusion)
1id consider

ri) V(Z',E') k (I,E) S, C S, (derivable inclusion)
HL(Z',E')

1e proof-theoretical analogue of (iv). Indeed, it will turn out that this

lerivable inclusion' , written as HL(Z,E) ]— S1 E_Sz, implies the seman-

cal inclusion (i). This is our first "proof system" for proving semantical

iclusion; we will prove that (v), as a relation of SI’SZ’ is semi-decidable

L E.

One more remark about why it is natural to consider (v), in casu the




ification over all conservative refinements. The first reason of con-
ing all (conservative) refinements of (Z,E) is that only then one is
to give as refined as possible first order descriptions of S1 E_Sz .
10lds already on the semantical level. In (v) there is moreover another
1: to prove {p} S {q} we need invariants for the while-loops in S. It

2 the case that these invariants can not yet be expressed in the

at specification, so we have to go 'higher—up'. If one attributes a

ing power to statements S, namely to define the invariants of the while-
, then one could say that the defining power of S ¢ WP(Z) is sometimes
of that of the assertion language L(ZI).

Of course, the proof system given by (v) is sound, i.e. (v) = (i);

vise it did not deserve the name. Some simple program inclusions that

n its scope, are program equivalences like 'loop—unwinding', and the

>f program equivalences considered in MANNA [20]. This proof system

t yet complete, however. In order to prove semantical inclusion (i)

sufficient that (see figure) :

3(z',EVe (5,E) V('",E") B (Z',E') s, C S

'HL(ZH’EH) 2

(Notation : HL(Z,E) H-Sl C s, , in words : forced inclusion.)

2

‘-"“."_‘.":.:.‘_‘: HL(Z",E”) l_ {p} SZ {q} !-?‘:.:":“:.“‘
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QW HL(Z",EM) | {p} S,
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The reason that (vii) = (i), is a simple consequence of the invariance of

semantical inclusion (i), i.e. if- (Z',E') By (Z,E) and S 82 € WP (), then :

1’

Alg(Z,E) |= S, C's, « Alg(z',E") s;Cs, .
(This does not hold for > instead of B .) So in order to prove
Alg(z,E) | Sl E_Sz it is sufficient to find some (Z',E') > (I,E) where
Alg(z',E") | s, C s, .
The proofsystem embodied by (vii) is stronger than that of derivable
inclusion (vi), and we will give some examples of program inclusion (which
seem to have some practical interest, too) which require the extra strength
of this last proof system.
Still, (vii) is not'complete' - although it seems hard to find a non-
pathological example of a program inclusion which is semantical (1), but
which cannot be forced (vii). One can prove, however, that the following

'cofinal' inclusion is equivalent to semantical inclusion:

(viii) V(Z',E)E (Z,E) 3 (Z",E") b (X',E") sE HL(Z",E")SZ
(The equivalence (i) <= (viii) holds also when in (viii) & is replaced by
2. However, for B we have (vii) = (viii), not so for >,)

One could suspect that there is a multitude of such relations ob-
ained by repeated alternating quantification V3 V... from the basic re-
lation E'HL (3,E) (proof-theoretical inclusion). It is a pleasant surprise,
suggesting the naturalness of the notions involved, that this possible hier-
irchy does in fact not exist, and that one has no more relations than in
‘he figure on the next page.

As we have seen, conservative refinements (B) are more natural for
‘his theory than general refinements (2). The technical reason is that for
onservative refinements the 'Joint Refinement Property' holds, stating
‘hat (almost) every two refinements (Zi,Ei) B (Z,E) can be refined to a
:ommon refinement (23,E3)~E (Zi,Ei) (i=1,2). (This is in fact a strengthened
'ersion of the well-known Robinson Consistency Theorem.) Also for conserva-
ive refinements we have a useful upward and downward invariance of the

)roperties




HL(Z,E) | s,Cs,
derivable

inclusion (vi) Q§§§

l/ HL(Z,E) || S, s,

forced
inclusion (vii)

: S
HL(Z,E) 2 “,

yftheor.inc(v

cofinal semantical
Q§y inclusion (viiij¢=»| inclusion (i)
inclusion ﬁé§9
in some
refinement

£',E') F {p} s {q} and Alg(Z',E') F S, CS,, for (£',E")E (Z,E).

We will now give a survey of the paper.
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. PRELIMINARIES

In this section we will collect the necessary basic definitions and

‘acts from logic in general as well as Hoare's logic.

.1. Preliminaries about programs and logic.

'he notions of first-order language, derivability (F) and satisfiability
F) are supposed known and we repeat them merely to fix the notations and
‘erminology used in the sequel.

In this paper we will exclusively deal with WP(Z), the set of while-
rograms S defined inductively as follows: S::= x:=t | S,38, | if b then
31 Elff.sz gi_[ while b do S od, where t € Ter(I), the set of terms over
‘he signature I, b is a boolean (i.e. quantifier free) assertion ¢ L(Z),
‘he first-order language determined by I. In general, assertions e L(I)
7ill be denoted by p,q,r. The signature says what 'non-logical' symbols we
ire considering; here equality (=) is considered as a logical symbol. We

11low also infinite signatures. For a further definition of signatures and

specifications, see Definition 2.1. Note that the signature as defined there,




art of the alphabet of L(Z).

If (Z,E) is a specification (see again Def.2.1), the algebras (or
1s) in Alg(Z,E) will be denoted by A = <A,...> where A is the under-
g set of the algebraic structure A.

We will need the following well-known fact:

1. Godel completeness theorem

(2,E) |- p &= Alg(Z,E) |- p, forall pe L (I).

We will also need the

2. Computation Lemma . Let X = Kpseees X and ; = Yyseees Yy Let

S(x) € WP(Z)(i.e. S contains precisely the variables X).

Then for all n ¢ N there is a quantifier free assertion

's n(52) = ; in L(Z) such that for every A ¢ Alg(:) and all Z,g € A:

AE Compgy (_Z_) =E « |S@)| <n&s@ =5.

a, b are constant symbols denoting &, B and |S(2) | denotes the length
he computation of S on a.

Preliminaries on Hoare's logic.

p,q € L(Z) and S € WP(Z). Then the syntactic object {p} S {q} is called
asserted program'. If A € Alg(z) , we define: A E {p} S {q} <
b e A: S(Z) v & S(Z) =P (A F= p(g) - q(E)). Furthermore we define

Alg(z,E) | {p} S {q} = VA ¢ Alg(z,E) A | {p}s {q}.

e's logic w.r.t.(Z,E) is a proof system designed to prove facts like
z,E) [= {p}s {q}. We will call this proof system HL(I,E). It has the
owing axioms and rules, by means of which we can derive asserted pro-

s; notation: HL(I,E) | {p}S {q}.




(1) Assigmment axiom : {p[t/x]} x:=t {p}

{p}Sl{r} {r}Sz{q}

'2) Composition rule :
{p} S] 3 52 {q}

{pAb}Sl{q} {pA_1b}Sz{q}
3) Conditional rule :

{p} if b then S, else s, fi {q}

1

{pAb} S {p}
4) TIteration rule :

{p} while b do S od {pAT1b}

P~ P, {p3slq} gy g
{p}s{q}

5) Consequence rule :

where (Z,E) l— PP and (I,E) I— q,
.2.1. LEMMA. HL(I,E) Zs sound, i.e. for all p, S, q € L(Z):
HL(Z,E) | {p} S{q} = Alg(:,E) |k {p}s{q).
ROOF. See e.g. COOK [13]. [

.2.2, DEFINITION. HL(X,E) is logZically complete if for all
»S,q € L(Z): HL(Z,E) | {p}S{q} <> Alg(I,E) | {p}s {q}.

In general, HL(X,E) is not logically complete. The notion of
leteness is studied in BERGSTRA-TUCKER [7].)

From the axioms and rules of HL(Z,E) one can derive the

seful rules:

.2.3.

{p]}S{q]} {pz}S{qz}
1) Conjunction rule :

{p;Apy} s{qyA q,}

ii) Disjunction rule : as (i) with A replaced by Vv,




) Imvariance rule : if the free variables in p are disjoint from the
.ables in S, then HL(ZI,E) !— {p} s {p}

{p} s {r}
3 - rule: provided z does not occur in S.
{3z p}s {r}

'ONSERVATIVE REFINEMENTS

In this section we will collect some facts concerning the notion of
nement and especially, counservative refinement. These notions will be
undamental importance in the sequel. All the material in this section

the next, on 'definability') is standard in Mathematical Logic and
be found (e.g) in SHOENFIELD [24] and MONK [21]. For easier reference
to conform to our notations, we will give a fairly extensive survey
he subject. Since the arguments used in the proofs are relevant for the

el, we have included some of the proofs.

DEFINITION of signatures and specifications.
A signature I is a set of nonlogical symbols to be used in Predicate
Logic. These may be constant—, function -, or predicate symbols;
the arity of a function - or predicate symbol is the number of argu-
ments it is supposed to have.
(E.g. z ={0,5S,P, <} is a signature where 0 is a constant symbol,
S and P are unary function symbols and < is a binary predicate symbol.)
L(IZ) denotes the set of assertions in which only nonlogical symbols
m, 0 € L occur.
If E ¢ L(Z), the pair (Z,E) is called a specification.
Alg(Z) is the class of all I - algebra's.

(E.g. A =(IN,0,s,p,k) € Alg(z) , where I is as in the example above.
Here O is a constant of A, s and p unary functions and k a binary re-
lation. We will also write SA for the Znterpretation or semantics of
S in A, in casu s; for convenience we will often neglect to distinguish
notationally the symbol from its interpretation.)

Alg(Z,E) is the class of I -algebra's A such that A | E.
Alg(Z,E) |= p means: for all A e Alg(Z,E) , A = p.




'

)

. DEFINITION of refinements

If 2'> % and E'> E we write (',E') 2 (3,E) and call (Z',E') a refine-
ment of (L,E). Here E = {p € L(Z) | E Fp}. We will always suppose

that E,E' are consistent.

If (£',E') is finite (i.e. both &' and E' are finite), then we write
(Zu 2',EUE") 2, (I,E).

Let A be some algebra. Then Zg is the signature of A and EA is the
theory of A : E, =1{pe L(Z,) | Ak p}. Note that A = p =

Alg(Z4,Ey) = p.

Let (Z,E) be a specification. Then Eis complete if Vp e L(Z), E }-p or

E l— “p.

DEFINITION (conservative refinements)

Let (:x',E') 2 (Z,E) be a refinement such that: Vp e L(Z) E'F—p < E |-p.
In other words, such that E' n L(Z) = E. Then this refinement is call-
ed conservative over (%,E). (So a conservative refinement does not
yield more theorems in the 'original' language L(Z).)

Notation: (Z'L,E') B (I,E)

(2',E') By (Z,E) &= (Z',E") B (I,E) & (Z',E") 2. (I,E).

1. Note that if E is complete : (2',E') > (5,E) = (Z',E') p (I,E).

DEFINITION (Expansions and restrictions)
Let I'o I.
If (£',E') is a specification, then the restriction of (I',E') to the
signature I is (I,E) -where E = E' n L(Z).
We write pl'(2',E') = (I,E).

If A' € Alg(Z',E'), then the restriction of A' to I is obtained by
deleting all constants, functions, predicates in A' corresponding to
symbols in I'-X. We write Qg‘(A')= A for this restriction. A is also
called a reduct of A'; and A' is called an expansion of A.
We will also write A < A',

Let X ¢ A. Then AX is the expansion of A obtained by adding the a € X
as designat~2d constants. Instead of AA we write A .

Example: for A as in Def. 2.1. (iii), A = (N,0,1,2,3,...,s,p,k).

(So in L(ZA one can refer to all elements of A by name.)




1. REMARK Note that if A" > A, then (ZA., EA' ) B (ZA,EA).

DEFINITION (Elementary equivalence and elementary extensions)
Let A, B € Alg(Z). Then:

A=B (A;B are elementary equivalent) iff E

Let A c B. Then: A4 B iff A =B

A = EB.
A
(A is an elementary sub-algebra of B, or: B is an elementary exten-

sion of A.)

1 REMARK Note that AX B=A=B.
2. PROPOSITION. A X B « B, l= Eg -
7. See SHOENFIELD [24] p. 74. [

In the sequel we will mostly deal with conservative refinements (B).
have the pleasant property that two refinements (Zi,Ei) B (Z,E) (i=1,2)
e joined to a refinement (Z1 UZZ ,E] UEZ) & (£,E), provided the ob-

s5ly necessary requirement that Z] n 22 = I is satisfied. This is a

ong) form of A. Robinson's Consisting Theorem (RCT). The version we will
is slightly stronger than the usual statement of RCT. For that reason
iclude part of the proof. We start with the very useful Joint Consis-

7 Theorem (JCT); for the (hard) proof we refer to SHOENFIELD [24], p. 79
JCT the remaining theorems in this section follow easily. In MONK [21]

1er order of presentation is followed.

Joint Consistency Theorem (Craig- Robinson)

(Z,E) and (',E") be specifications. Then E u E' <s inconsistent iff

: 18 a closed assertion p € L(Zl n 22) such that E |- p and E' | Tp.

I. COROLLARY (Craig Interpolation Lemma). Let p and q be closed asser-—
3 such that |- p » q. Then there is a closed assertion r such that
F p>rand F r>q

every nonlogical symbol ocecurring in r, occurs in both p and q.

-

7. Clearly the specification {p, lql is inconsistent:

{7q} -p, p > q, q, lq, false. Hence by Theorem 2.6 there exists a




osed assertion p € L({p,1q}) such that {p} | r and {Iq} | 7r. By the

duction Theorem: |- p > r and | 7Iq » Tr. [

6.2. COROLLARY (Robinson's Consistency Theorem).
(Z'I L 7.2, E1 v EZ)

(Zl’El) (r

E

2°F2)

(TgiEg)

t (Zi,Ei) B (ZO,EO), i=1,2, such that £, n I,6 =%

1 2 0°
en
) E1 U E, 18 consistent, and moreover
i) (Z] U 22, E1 U E2) 3 »(ZO’EO) and even
1i) (Zl u Zz, E1 u EZ) = (Zi,Ei), i=1,2.

JOF. follows immediately from (ii), which follows by transitivity of ©
from (iii).

ii):- Suppose Ej u E2 }— p for a closed assertion p ¢ L(Zi),

arefore {el,ez} F p for some closed assertions e, € L(Xi), i= 1,2, such

at E. - e; . By the Deduction Theorem :
- e, 4—(e1 +p).
Craig's Interpolation Lemma 2.6.1:
l— e, > r (*) and
Fr- (e; > p) (%%)
some r € L (2] n 22) = L(ZO). By (*): E, |- r. Hence EO |- r, since

,,E2) [ (ZO,EO). So by (**): EO f— e, » p. Therefore E] I— P; and this
wes (xl v i,,E/UE)¢E (ZI,E]). Likewise for (Zz,Ez). O
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ext, we will give a characterization of the conservativity of refine-

For many purposes, however, the following criterion for conservativity

ficient.

)JEFINITION Let (I',E') be a refinement such that every A ¢ Alg(:,E)
: expanded to an A'e Alg(Z',E') . Then this refinement is called simple.

‘igure below).

PROPOSITION (Criterion for conservativity). Simple refinements are

‘vative.

Suppose (£',E') is a simple refinement of (Z,E), i.e.
Alg(z,E) 3 A'e Alg(Z",E')A"> A, Let E |f p for some closed asser-
». Then by Godel's Completeness Theorem, A |# p for some A ¢ Alg(Z,E).

:re is an A' ¢ Alg(Z',E') such that A' > A, Hence A' | 71p; and rea-
. backwards we have E' H p. U

Alg(Z")

Alg(I',E")

5!

Alg(Z)

Alg(Z,E)

In general, the situation is more complicated. If (Z',E') B (I,E),

" be the case that some A € Alg(Z,E) cannot be expanded to an

1g(£',E'). So we may 'lose' models when taking a refinement. However,
'lost' model A is always an elementary substructure of (and hence

tary equivalent to) an A' which is not 'lost'; see the next theorem.

EXAMPLE. (From SHOENFIELD [24], p. 96). Let X' contain the constant
S CysC sCosnne and let E' = {ci # cj | i#j}. Let (Z,E) be obtained

tting c, and let A be (N-{0}, 1,2,3,...). Then A cannot be expanded

0
A" € Alg(z',E') , since there is no "room" for (an interpretation of)




Alg(r'")

Alg(Z)

Alg(Z,E)

7.3. THEOREM (Characterization of conservativity). Let (I',E) > (I,E).
m the following are equivalent:
] (Z',EY) b (Z,E)
) VA e Alg(Z,E) 8A' ¢ Alg(Z,E), A" ¢ Alg(Z',E') such that
A-\( A' < A" '
i) E' u Ey is consistent, for all A e Alg(Z,E)
) E' U E, s consistent, for all A e Alg(I,E).

OF. (ii)= (i): Suppose E |fp, p € L (). Then A |# p for some A ¢ Alg(x,E)
' there are A' ¢ Alg(Z,E) and A" ¢ Alg(Z',E') such that A N A'< A" | By
ark 2.5.1, A = A", Hence also A' I Tp. Therefore A" I Jp; so E' F p.
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= (iii). Let (%',E') 2 (I,E) and suppose: for some A ¢ Alg(Z,E),

EA is inconsistent. By Theorem 2.6, there is a closed assertion
L(E'rﬁ ZA) = L(Z) such that E' F-p and ?A F'Tp . By conservativity,
P Hence A F=p; contradiction with EA [—ﬁﬁp , because
- Tlp = A E p = A E p. -

) = (ii). Suppose E'u EA is consistent. Then there is a B" such that
: E'u Ey . Let B' be the reduct of B" to the signature £', and let B
he reduct of B" to L. Then BA = EA , so by Proposition 2.5.2, A%B;
trivially B < B!

) = (iv) trivial:

= (iii): Suppose E'u Ey is inconsistent. Then by Theorem 2.6, E'|- p

EA I— “1p, for some p € L(Z'n ZA) = L(Z). Now EA I—"Ip =>EA l— p,

e By is complete. Hence E'u EA is inconsistent. g

3.1. EXAMPLE Let N = (N,0,1,+,x) and let N* be some non-standard model
rithmetic, so N* = N. Then (ZN *, EN*) b (ZN,EN). Proof: EN* U QA is
istent for every A ¢ Alg(ZN,EN) (i.e. every A such that A = N) because
EN-S EN* . (Note that this refinement is not simple).

EFINABILITY

We now turn to a special kind of simple comservative refinement (the
1itional refinement), collect some material about definability, and use
to prove that '+' is not definable in the algebra (IN,0,S,P) which will

an important role later on.

DEFINITION Let A ¢ I and consider (I,E). An n-ary predicate symbol
I - A is definable in terms of A in E, if there is an assertion p e L(A)

that
E | ﬂ(xl,...,xn) <~ p
@ X s...,X  are distinct variables). An n-ary function symbol

i = A is definable in terms of A in E if there is an assertion p € L(A)

that




E F— ¢(x1,...,xn) =y <D

1ere X;,...,X ,¥ are distinct variables).

2. DEFINITION (:',E') By (X,E), in words: (Z',E') is a definitional re-
rement of (X,E), if (X',E') B (I,E) and every symbol € £'- ¥ is definab
terms of £ in E'.

}. THEOREM (Padoa's method). Let (X u {1} » E) be a specification where
! L. Then t is not definable in terms of L in E, <f there are two models

E € Alg (Zu{t}, E) such that A = B and cA = oB for every nonlogical
A B
bol o € T, but T # T°.

IOF.- Let T be a predicate symbol. (The proof for function symbols, in-
ding the constant symbols which can be considered as '0O-ary' function
ibols, is similar.) Suppose A, B exist as in the theorem, and suppose

t T is definable in terms of I in E. That is:
?
EF t &) <p,

gsome assertion p € L(Z). Then for Z € A we have:
A

T e Ak p [3a] = B E p [2] < 23 e TB (where the middle equiva-
ce follows since p € L(Z) and A, B have the same interpretation for ever

bol in ). Hence TA = T , contradiction. [J

.1. REMARK

A much stronger theorem results when in Theorem 3.3, "if' is replaced
'iff': Beth's Definability Theorem (BDT).
) Write (Z',E") 2] (2,E) iff £'-X is a singleton. Then the version of
as ind?cated in (i) can be paraphrased as: (z'.E") k; (Z,E) &= the

’ing p§ : Alg (Z',E")is injective.

A slightly stronger version of BDT as e.g. in SHOENFIELD [24], p. 81
5 the same for Ed instead of Eé.

H

Noting further that kd implies ES » we have the following model

)retic characterization of definitional refinements:
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(z',E") By (5,E) <«

, ,
pg : Alg (Z',E') -~ Alg (I,E) is injective <=
Z-l

py * Alg (Z',E'") = Alg (Z,E) is bijective.

!. APPLICATION In the sequel we will reed the following fact: Let
(N,0,S,P). Then the function + is not definable in A. PROOF, by Padoa's
»d. (For another proof, using elimination of quantifiers, see section 8.)

>se + is definable in A; i.e. for some assertion r we

Al rla,byec] & a+b=c. Now let A' = (N ,0,S,P )

Al r (x,y,2) <= x+y=2z,
> Egs P— r(x,y,2z) & x +y =2z, so the symbol + is definable in
; of ZA in EA' .

To show that this is contradictory, we use Padoa's method (3.3): we

. N N
try to find NI,N2; € Alg (ZA’EA') such that N, =N,,0 I'2 62 for all
-, but + ! # + 2 Twyo such models are readily obtained; we nhave to’
'non-standard’' models:
+ .
Nl = (Nx{0}) v (ZxN )’00 »S,P, +1) (i=1,2)

N = W - {0}, and where we write a, instead of (a,b). Further,

— - = v =

= (n+1)m s P(n+l)m ) noos P(OO) 0g> and n_ +. n' ,
)i(m+m') (i=1,2).

(Intuitively: the n, are the standard numbers; there are nonstandard

0
'rs divided in copies of Z , indexed by positive integers. The point is
these indices are so to speak indiscernible for the specification in
.ion, so there is considerable liberty in defining '+' on the non-

ard part.) 0

i EXAMPLE Some reducts of arithmetic. In the following schema most
le above concepts are illustrated. Upward lines denote conservative
iements (of the theory of the structure in question); the 'clusters'
ructures are equivalence classes w.r.t. the equivalence generated by

'imple refinements are indicated with 's'. The most remarkable facts
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{OGRAM INCLUSIONS

We will now introduce the various notions of inclusion.E. between
ements Sl,-S2 € WP (Z) which we will study, and prove some elementary

5 about them.

DEFINITION (i) Let S € WP(Z) and A = (A,...) € Alg(Z,E). Let S contain
A

rariables XyseessX (n=1). Then S : A" > A" is the partial function

mined by S; i.e.

r(b],...,bn) if S converges with input

A _ . .
S (al,...,an) = (al,...an) and yields (bl""’bn)’

| undefined else.

XK The restriction to functions f : A® > A" is not essential. Instead

. - o ] = ° s
g f(x],xz,x3) X, * X, one may use f (XI’XZ’XB) (x] XZ,O,O).)

DEFINITION of semantical inclusion. Let S],S2 e WP(Z). Then:

A A |
Alg (I,E) s, E_Sz = 8, ¢85, , for all A ¢ Alg (%,E).

inclusion is said to be semantical. Instead of the LHS we will also
:he notation: S] E-Alg(Z,E)SZ'
Semantical equivalence w.r.t.(Z,E) is defined by:

Alg(Z,E) |F S, =S, <= Alg (I,E) | s,Cs

i 9 - & Alg(2,E) F S, C s,.

2

DEFINITION of prooftheoretical inclusion.

Sl E_ S iff for all

2 P»q € L(Z):
HL(Z,E) HL(Z,E) |-{p} S

(
9 {q} = HL (Z,E) |- {p} 8, {q}.

: the direction of the implication. Intuitively: S] is less defined than

> {p} Sl{q} is more often trivially true.)

S, =

1 HL(Z,E)Sz is the corresponding equivalence.




4. DEFINITION of derivable inclusion.

) HL(I,E) |- S;C s, «=V(Z',E)e (5,E) s C

s, .
~HL(z',E') 2

he terminology 'derivable' and the choice of the notation "I-' is motivat-
by the sequel: it will be proved that derivable inclusion w.r.t. (Z,E)
semi-decidable in E.) As before we define HL(Z,E) |- S]E 82 derivable

utvalence w.r.t. (I,E).

i) HL(Z,E) !—f S, C s, = V(',E") be(2,E) 8, C s,
HL(Z',E') “*
5. DEFINITION of forced inclusion

HL(Z,E) I} s, Es, < 3(2',E") b (I,E) HL(Z',E") |- s, Cs,.

before, forced equivalence w.r.t. (L,E) is defined.

5. DEFINITION of cofinal inclusion. The inclusion S, E_Sz is cofinal, iff

V(Z',E) B (Z,E) 3 (Z",E") B (Z',E") Sl cC ' SZ.
HL(Z",E")

It is clear that all inclusions (E) defined above are partial orders
I that all equivalences (=) are equivalence relations, except for forced
I cofinal inclusion resp. equivalence. For the last case, 'cofinal', we
-1 eventually prove that 'cofinal < semantical', hence cofinal inclusion
indeed transitive. We will now prove that also forced inclusion is tran—
:ive - hence it is a partial order and forced equivalence is an equiva-
ice relation indeed. First we need a simple proposition about renaming

symbols.

'. DEFINITION (ZI,EI) > (ZZ,EZ) ((ZI,EI) and (ZZ,EZ) are isomorphic
wcifications) if (Z],E]) can be obtained from (22,E2) by renaming some of
: nonlogical symbols; distinct symbols must be replaced by distinct sym-

.S.




1. REMARK So Robinsons Consistency Theorem 2.6.2 says (see figure
if (Zi,Ei) B (£,E) , i = 1,2, then for some variant (Zé,Eé) ~ (22
that (Z',Eé) B (Z,E), there exists a (23,E3) 3 (ZI’E])’ (Zé,Eé) .

2. PROPOSITION Let SI’SZ € WP(Z). Suppose

(z',E"), (Z",E") & (I,E),
(z',E') = (",E"), and

' n " = 3. Then

s, C S, Sl!;

1 = HL(Z',E")S) HL(z",E")S2

HL(Z',E') |- s, C s, < HL(z",E") - s C s,.

1

7. (i) routine; (ii) at once from (i) [J

JROPOSITION Let 81,82,83 e WP (X). Then:

HL(Z,E) |[F s, C S, & HL(LE) [k s, C 83 =HL(LE) |- s,

3

?. The assumptions are




1 @t " opn 1@t (O
S(Zi,Ei) e (Z,E) V(Zi,Ei) B (Zi,Ei) S. C (i=1,

S.
i—= HL(Z;,E;) i+]

se figure)

v consider such (Zi,Ei) » 1 =1,2. By Proposition 4.7.2. we may suppose

it Z; n Zé = Z . Now by Robinsons Consistency Theorem,
k,E*) = (Z{ U Zé R E; U Eé ) B (Z,E). Also,by transitivity of E—HL’ in

» 'upper cone' of (Z*,E*) we have S1 E-HL S,. Hence (I,E) [} S1 E-SS'

2

2

Ancther corollary of Robinson's Consistency Theorem 2.6.2 is:
" PROPOSITION. Forced inclusion implies cofinal inclusion.

OF. Suppose HL(Z,E) I S1 E'SZ , l.e.:

AELED B (2B VELED B (BLED ST o gy (1)




rove:

(£',E'") as in (1), and consider a (Z;,E;) as in (2).
we can 'shift' (Z',E') to an isomorphic variant (Z'¥,
nZ' =%, and still héving the property that Sl E-HL S
s.

Then take (Z",ET) in (2) as the union of (Zi,E;) and

2.6.2. this is possible. [J

1. REMARK. For = instead of B the above proposition fa

S, =x :=0

52 = if 0 > 1 then x := 0 else x := 1 fi
£ = {0,1,<} , E = the theory of partial order, E = E
Eu {0>1}. Then HL(I,E,) " |-" S, =5, , hence HL(Z,

A\ ] g
ver, for all (Z',E') = (Z,El) , Sl ¢HL(Z',E')SZ.




0. REMARK. All inclusions introduced above, except semantical inclusionm,
e obtained by quantification over the 'basic' prooftheoretical inclusior

- This suggests looking at all inclusions of the following general for

4

vav...3
s, C HL(z.E) 52 = YOED B (5,E) 3 (3,,E) B (I,E)

V(Z3,E5) B (Z,,E)) - 3 (T, ,E, ) & (3, LE, )

s, C Sg
P = Lo Eon)

. . vav...v . . .
likewise S1 E-HL(Z,E) 82 s and the dual notions obtained by inter

nging 3,V. (Note that only alternating strings of quantifiers are inte-
ging g g q

ting, since obviously --VV-- = --¥V-- and likewise for 3.) So derivable
. . v . . . v
lusion w.r.t.(Z,E) 1sv3[£ HL(Z,E) ° forced inclusion is I—:—HL(Z,E) , and
inal inclusion is E;HL(Z E)’ (In the sequel we will also consider 'in-
H

3
. . . T ° ®
sion in some refinement' : E—HL(Z,E) )

Now between these generalized inclusions there are a priori the fol-

ing implications; see the figure where an implication is downward. (Only

Vi--

quantifiers of E:HL(x,E) are mentioned.)

v 3v v3v3v

L .

1N

HL

3 av3

aver, this hierarchy of inclusions 'collapses' because

- v _ vy

— HL(Z,E) = HL(Z,E)
) c V3 3v3

= HL(Z,E) = C HL(Z,E)

see the nontrivial direction of (i), note that it was proved already in

>osition 4.9. By a similar argument also (ii) follows.
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Now 3vaV = 33V = 3v

V3avaVy = V3V = IV , etc. Hence the only in-
ions are those displayed in the following figure:

v

3v

1M

HL

3

. 3 . . .
ark: we did not prove that E;HL(Z,E) 1s a partial order. Question:
£?)

REMARK (Contexts) All inclusions that are defined above exhibit the
cable property of staying valid in a context: let S

i » S, € WP(Z) and let
] be a 'context statement'(also in I), i.e. a statement with a 'hole'.

s;, C s, = vc[]c[s]]l;.c [s,3.

>roof follows in a straightforward manner by observing that

Vp,q € L(Z) HL(I,E) | {p} S, {q} = HL(Z,E) |- {p} S,{q}
2 1

Les

¥p,q € L(Z) HL(Z,E) |- {p} C [s,] {q} = HL(3,E) |- {p} C [s,1 {q}

REMARK. (Invariances.) For a better insight in what happens inside

'cone of refinements', we will investigate whether the notions

Alg(Z,E) [ p

E-p
; HL(Z,E) |- {p} s{q}

2 5 51 EgqenS2

Alg(z,E) |= {p} s {q}

Alg(Z,E) | s, C s




> invariant under 'shifting (I,E) upward or downward'.

(1). Upward and downward invariant (i.e. V(£',E') p (%,E)

.g(Z,E) F p < Alg(Z',E") F p)); this follows simply from Gddels Com-
teness Theorem and the definition of conservativity.

(2). Here the situation is already somewhat more complicated:

(5 ) | {p} S {q} is upward and downward invariant ; see Proposition

3. However, for HL( , ) {— {r} S {q} we have only the (trivial) upward

rariance , i.e.:
V(Z',E') B (Z,E) HL(Z,E) |-{p} S{q} = HL(Z',E") - {p}s {q}.

.t here "«" does not hold , is because an invariant needed for the prood
I— {p} S{q} may be available in (Z',E'j but not yet in (Z,E).

(3). Again the semantical notion, Alg ( , ) F S] E_Sz, is invariant in
h directions. For 'upward' this is trivial; for 'downward' certainly not

ee the next Lemma (4.14).

Finally, S] E-HL( ) 82 is neither upward, nor downward invariant.
* 3

can even show that it may happen that S1 C HL(, ) 52 is alternatingly
3

e and false while following some upward path (I g (EI,E]) S

0°Eo)

3. PROPOSITION. Let (£',E") 9 (Z,E) , p,q € L(X) and S € WP (Z). Then
(Z,E) |= {p} S {q} <= Alg(z',E"') | {p} S{q}.

OF. (=) is trivial. To prove the reverse, we use Theorem 2.7.3, which
s that for every A ¢ Alg(Z,E) there is an A' ¢ Alg (Z,E) and an A" ¢
(Z',E') such that A:S;A' < A" . By Remark 2.5.1, we have A = A'. Now
result follows by the following Lemma from BERGSTRA-TUCKER [7] :

t A= A". ThenA = {p} S {q} < B E {p} s {q}". 0

4. LEMMA. Le” (L',E') B (Z,E). Then for all SI’SZ e WP(Z):

Alg(Z,E) | s, Cs, = Alg(Z',E") F 5, E 8,.

. v
OF. (=) is easy: take A' ¢ Alg(Z',E'). Then Oé (A') = A ¢ Alg(Z,E). So
S, E_Sz . But then trivially also A' [ 5 E_Sz, since the extra

ucture on A' does not play a role.




. Proof by contraposition: take A ¢ Alg(Z,E) such that
there are a = a seee5a8 € A and g =b . ,...,b € A suc
1 n 1 n

anguage:

AR S @ =3 andAf 5,@ =3 .

precisely: for some n, and for all m:

AR oo, @B ATy @D,
e ¢ (3,B) = Compg @ =5

> > -> -~
by (8,B) =71 Compg (a) = b.

2>
[ be the set of assertions {¢n(§’E)} u { gn(Z,K)lm e 1

1. For some B: B |- E' uT. So B [ s, ES,, hence
2',E') H S, E-SZ and we are through.

? OF THE CLAIM. Suppose there is no such B, i.e. E'u I

for some finite A c T, we have that E'u A is alrea

V= {9, Ty 5eees ¥ 3. So E - —l(q)nA.ﬁ[\k‘l’i) ,
1

w

-> > > >
E' F 73%7 (0 Gy AN . (X7)).
n i<k 1

1e conservativity of E' over E, we can replace E' here

contradicts the fact that

AR 3XT G (EDAM VET).
i<k

OTOTYPE PROOFS.

1s abbreviate the implication
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HL(Z',E') |- {p} Sz{q} = HL(Z',E') | {p} Sl{q}

by ¢(zZ',E', p,q). So by definition, HL(Z,E) |- S, E.Sz is equivalent to:
¢(Z',E',p,q) for all (') & (Z,E) and all p,q € L(X'). Now it turns out
that among all these ¢ (&',E',p,q) there is a 'generic' one,
0z%,E0,r @), ' (). I.e.:

2(z%,E%,r R),r' (X)) =
V(Z',E') B (Z,E) Vp,qeL(Z') & (£',E', p,q) .

The situation is even further simplified, since the generic implication ha:
an antecedent HL(ZO,EO) [— {r(g) }S2 {r'(g)} which is always true. This
reduces checking whether HL(Z,E) [— S1 E.Sz or not, to checking whether
HL(ZO,EO) F {r(§)} Sl {r'(§)} , which is semi-decidable. (Hence our choice
of the notation I— in HL(Z,E) |— S1 E_Sz.)

Finding this generic implication is based on the observation that
every proof HL(Z',E') |- {p} S {q} can be viewed as an instantiation of a
"prototype proof " w(S). In order to define this concept, we need an ef-
ficient notation for proofs of asserted programs. One method is to conside:
a proof as a proof tree; a second way is to consider a proof as a flow-
diagram with assertions written at the cut-points. We will use a more work-
able IZnear notation of proofs which will be introduced now. First we will
define the concept 'interpolated statement' which can be viewed as the flox
diagram corresponding to the statement plus some assertions written at

some cutpoints.

* *
5.1. DEFINITION. The class IStat(Z), with typical elements S*,S ,S*, cees

of Znterpolated statements is inductively defined by

s* ::= 8/ {p} s*/ s*{p} / if b then ST else SE £fi /
while b do S* od.

Here S € WP(Z). So the class of interpolated statements contains next to

the usual statements also asserted statements and statements interlaced
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assertions in an arbitrary way; but it contains also proofs of asser-
statements. These will be singled out by means of the following exten-

proof rules.

DEFINITION. By means of the following axions and extended proof rules
an derive proofs of asserted statements:

1ssigmment axiom scheme:
{p(t)} =x:=t {p}
ixtended composition rule:

{p} ST {r} {r} 5} (@)

{p} S’; {r} S; {q}

Fetended conditional rule:

{pAb} ST {q} {pAb} SZ {q}

{p} if b then {pAb} s’; {q} else {pATb} s; {q} £i {q}

txtended iteration rule:

{pAb} S* {p}

{p} while b do {pab} 5™ {p} od {pATb}

ixtended comsequence rule:

p>p, {p;} 8" {qy} q; > q

{p} {p;} 8" {q;} {q}

DEFINITION and NOTATION.

Let Pr (Z,E) be the class of proofs (interpolated statements) which
can be derived using this axiom scheme and extended proof rules,

such that in (5) only implications provable. from E are used.




. * . { .
i) If S e IStat (£), then G(S*)vW111 denote the underlying statement
obtained by erasing all {p} in S*. (So o can be inductively defined

as follows:

g(S) = S for S eWP(x)
o(8*{p}) = o({p} §%) = a(s™)
o(if b then ST else S; fi) = if b then o(ST) else o(S7) fi

o(while b do S¥od) = while b do o(S*) od.)

ii) If S* € Pr(Z,E), then k(S*) will denote the set of consequences p -+ p'
used in the derivation of S*. Note that these consequences can be

read of directly from S*: k(S*) = {p>p"| {p}{p"} S_S*}.(Here e M

denotes the relation of being contained as a 'subword'.)

7) If 8* ¢ Pr (I,E) and S* = {p} ST.{q}, then pre (S*) = p and post (S*)
= q.

)\ Let S* e Pr (2,E) . Then S* is called a reduced proof, iff it contains
no occurrence of a triple {p} {q} {r}. (By the transitivity of - , |

every proof may be supposed reduced, up to equivalence.)

o DEFINITION. (1) Two interpolated statements S*, S** such that

ik) = o(S**) = S are called matching if at every place the same number

. . * *%
assertions occur in S, S

lotation: S ~ S**')
S ~ S for S € WP(Z)

) S* N S**.e$ {(p} S*N'{q} S** and S* {p} ~ S** {q}

for all assertions p,q € L(Z).
. * * % * * %
1) Sl i Sl ’ *Sz h Sz* - * %
if b then S] else 82 fi_~'i£ b then S
*

) §* ~ % o

while b also S* od ~ while b QQ.S** od.

To be precise:

*%* .
1 else S2 fi

Let §° = — {p} —- be an interpolated statement containing {p}. Then

= —— {p} {p}—- is called a trivial expansion of S~

. DEFINITION. In the following definition we will use a set of n-ary re-

ion symbols {ri | i e w}. If s* e IStat contains some of these
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r-symbols, [S*]j will be the result of replacing each occurrence of r. in
s* by r(i ) where (,): EJZ -+ W is the usual byective pairing function.
3

(This device merely serves to 'refresh' the r-symbols where necessary.)

(i) Let S € WP(Z) involve the variables x (=X1"'°’Xn)' By induction on the

structure of S we define w'(S) as follows:

]

() n'(xi:=t) {ro(g) [t /xi]}xi:=t {ro(g)}.

(2) W(SI;SZ) [n'(Sl)]O [n'(Sz)]l.

(That 1is, ﬂ'(Sl) and n'(Sz) are concatenated, without infix. Moreover,

the r-symbols in [ﬂ'(Sl)]O are made distinct from those in [n'(Sz)%.)

(3) m' (if b then Sl else 52 fi) =

{ro(x)} if b then {ro(g) Al)}[n'(S])]z {rl(z)}

else {ry(X) A1b}n'(5,)]; {r; GO}
fi {rl(g)}.
(4) n'(while b do S od) =

{ryG)} while b do {ry(x) b} §* od {ry(x) A1b} {r ()}

where S~ ['rr'(S)]4 and ro(g) = post (S*).

(i) Now m(8) = {ry()In' ()] {r, ()}
m(S) is called the prototype proof of S.

5.5.1. EXAMPLE. Let S be x,:=0;x >x

1° 2
+ 1 Ei_ od ;x1 =x,+x

:=1; while x do if x, = 0 then

273 1

. Then w(S) =

x3 :=0 else x, := x

1 2 2




1(X13x23X3)]
2(0,x2,x3)}

2(X13X2,X3)}
3(X1,1,X3)}

3(X1 ’x23x3)}
6(X] !xz’XS)}
> x3 gg

6 (X1>Xg5%3g) A X, > x,}

Q(XI’XZ’X3)}

J then

2t(x],xz,xB) A x = 0}
S(xl’xz,o)}

S(XI ,X2,X3)}
S(Xl ,XZ,X3)}

;(xl,xz,x3) A _1x1= 0}
7(x2+1,x2,x3)}

3 | '
7(X1’X2sx3)}

(5 %p,%3) )

i(xl’XZ’XB)}

i(xl’XZ’x3) A'1x2 > X3 }
(X exp,%3) )

X,

(xp5%y,%5) )
‘(XI’XZ’X3)}
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. PROP N. Let r be a "new' relation symbol occurring in w(S). Then
an oc ce in m(S) of the form {r(%)}, i.e. the arguments are all
bles.

. Evid - inspection of the definition of w(S). 0O
DEFINI Let S* € IStat (£) contain the n-ary relation symbol r,

et p = ...,Xn) € L (). (Note: p may contain other variables than
displ

Then ) is the result of replacing each r(t ,...,tn) , occurring

. . . Piye..,P
, by p .5t ). Likewise we define ¢ s > r (S*).
n T seeesTy

. REMA e can think of the prototype proof w(S) as an initial ob-
in the ory of proofs {p} ™ {q} (where a(s™) = ) ; morphisms
en pro e the substitutions ¢.
LEMMA. s¥ ¢ Pr (Z,E) be a reduced proof such that c(S*) = S. Then
S) - S some substitution ¢ as in Def. 5.6. '
very p s an instance of the prototype proof.)
. Cons ,S* as in the lemma. We may suppose that s* and m(S) are
ing; i only some trivial expansions (Def. 5.4) of s* are required.
We wi struct by induction on the structure of S a substitution
S) -~ S

1. S = t(?,x,Z), where all variables in t are displayed. Now

= {1, G.x,2,)) {5, G,6,2)1 x: = t {r,(3,%,2)} {1;3,%,2))

{pl} {pz[t /x]} x:= t {pz} {p3}.

e subs on will be ¢ : ri(§,x,§) - pi(i=1’2’3)'

2. 15 S,

. * *
= {po 5] {pz} S, {p3} {p4}.




induction hypothesis we have substitutions
: m(s)) ~ {p,} Si{p,}
op 2 1§y Pyt =1tPy

b, + 1(Sy) > {p,} S, {p;3.

w
m(8,38,) = {rg(®} ' () 7'(S,) {r, )}
= (r,(®}...{rj®} {ri(—;)}f.. {r, (@}
are — — = W(Sl) and -——— = w(Sz). From this it is evident how to

astruct the desired ¢. (Remark: the arity of the new r-symbols in ﬂ(Si),

1,2, is that of S (i.e. n if S has the variables x],...,xn).)

se 3. S = iﬁ_b then Sl else S2 fi

an m(S) and S* are as follows:

) = {ry(D} {r; @)} if b then {r, ) ab} n'(s){r, ()}
else {r () ATIb} 1" (5,){r, ()}
£i {r, @)} {ry;()

= {p,} {p;} if b then {p b} s’l‘*{pz}
else {p]A"1b}S2 {pz}
L{pz} {p3}.

ain ¢ : ri(i) - pi(i=0,1,2,3); the induction hypothesis takes care of t

[

rrespondence between w'(Si) and S;(i=1,2).

se 4. S = while b do S' od.

1.7

. >
1 the following r: stands for 'ri(x)'.)

m(8) = {ry} {r;} while b do {r AD} 7'(S") od {r, A0} {r,}
o ind.

hyp.
8" = {p,} {p,}while b do {p, Ab} 8" od {p, ATb} {p, }
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*

Here r, = post (m'(S"')) and P, = post (s). 0
In the sequel we will need a simple proof-theoretical fact, stating

that derivability in first order predicate logic is invariant under sub-

stitutions ¢(as in Def.5.6).

5.8. PROPOSITION. Let (Z,E) be a specification and p,q € L(Z). Let ¢ be a
substitution of assertions P; for relation symbols r., as in Def. 5.6.

(The p; not necessarily in L(Z).) Let ¢(E) = {¢(p')| p'e E}. Then:
(i) Elp=0¢(E) | ¢
(ii) El-p >q=¢(E)}F ¢(p) + d(q).

PROOF. (i) A routine induction on the length of the derivation E [— p. (ii)
follows from (i), noting that ¢(p->q) = ¢(p) »> ¢(q). 0

5.9 PROPOSITION. Let ZO =Iuzl

Then (z°,E%) b, (I,E).

and E0 = E u x(7w(S)).

m(8S)

PROOF. Take arbitrary p,q such that HL(Z,E) [— {p} s{q}. (E.g. take q
= true.) Let {p} s* {q} € Pr(Z,E) be the corresponding proof; we may suppose
it matches w(S).

Now let A € Alg(Z,E), so by soundness of HL we have A |= {p}s{q}.
Further, it is not hard to see that the ri(;) can be interpreted in A just
like the matching assertions in {p} s* {q}.

Hence every A ¢ Alg(Z,E) can be expanded to an AO € Alg(ZO,EO). So by
the conservativity criterium 2.7.1, we have (ZO,EO) B (Z,E). The finiteness

is obvious. g

rsy BT E U K((S)) and Tet xR, () be

respectively the assertions at the head and at the tail of m(S,).

5.10.LEMMA. Let 30 =T u =

Then the following are equivalent:
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(i) HL(Z,E) |- s, Cs,
(ii) HL(Z,E) |, s, C s,
(iii) B ED R (r(DY s, (0 @) »

HGOED) F @) s (' @)

(iv) aL(z?,E%) | (@} s, {r' @}

PROOF. (i) = (ii) is trivial, (iii) follows from Prop. 5.9, and (iii) = (iv)
follows because it is obvious from the construction that
HL(ZOEO) l— {r(ﬁs } 82 {r'(;)}. It remains to prove (iv) = (i).

Assume (iv); let {r0(§)} ST {rl(g)} € Pr(ZO,EO) be the corresponding
proof. Further, suppose for some (Z',E') B (I,E), P»q € L(Z') we have
HL(Z',E') | {p} Sz{q} . Let {p} S;'{q} € Pr(Z',E') be the corresponding
proof, which we may suppose matching with ﬂ(Sz). By Lemma 5.7, {p} S; {q}
is an instance of ﬂ(Sz) via soge subititution ¢. ,

Now consider ¢({r0(x)} S1 {rl(x)}) = {p} ¢ (S]){q}. From the construc-
tion and by Prop. 5.8 it follows that this is a proof in Pr(Z',E'). Hence
HL(Z',E") |- {p} s, {ql. 0

5.11. THEOREM. HL(Z,E) |- 5 C s, and HL(Z,E) - S, = 8,, as predicates of

Sl,S2 s are cemi-decidable in E.

PROOF. This follow immediately by noting that (ZO,EO) can effectively by
computed from S2 » given (Z,E), and using the equivalence (i) <= (iv) in

Lemma 5.10. a
6. COMPLETIONS

In the next section we will need the possibility of taking, for given
(Z,E) , a refinement (I',E')B (I,E) which is logically complete (See
Definition 1.2.2). Also we will use a refinement (z",E") & (Z,E) which has
an SP - calculus (see 6.3). The concepts and theorems thereabout, used below,
are from BERGSTRA-TUCKER [9,10] and BERGSTRA-TERLOUW [6]. There however
the following restriction is made: E must have only infinite models. Since

we want to develop the present theory in full generality (also for e.g.




= § ), we will extend the above mentioned results by some 'formal' construc-
tions which do not require the restriction on E, and which are made possible
by the concept of a prototype proof m(S). The disadvantage is that in this
way we will need an infinite signature extemsion I' > I, but for our pur-
pose here that is no objection. (Quection: given a specification (I,E) such
that E has finite models, is there a logical complete (ZUuAE') B (2,E)

where A is finite?)

6.1. THEOREM. For every (X,E) there <s a (L',E')e (%,E) such that (Z',E")
s logiecally complete.

PROOF. The proof is by a construction of length mz. The first w steps are
as follows. Enumerate WP (I) as {Snln € N} and let {(pn,qn) |n e N} be an
enumeration of the pairs of assertions € L (I). Now consider the sequence
of asserted programs a {P(n) } S(n) {q(n) } where ( )0 s g )] are the
projections correspondlng to the well- known b13ect10n (,): N> IN. Note
that every {p} S{q} occurs in this sequence.
Now we define by induction on n the specification (Zn,En).
Basis: (Z ,E ) (Z,E).
Induction step let (Z ,E ) be defined, and consider o
Case 1. Alg(Zn,En) # a . Then (I
Case 2. Alg(Z ,E ) F

n+l°

n+1°ner) = (CpoBp)-

. Say the prototype proof n(S has
(n+1);)

n+1

n+l
the form {r(x)} S(n+1) {r' (x)} and let (Z',E') be the spec1f1cat10n cor-

responding to “(S(n+]) ). Then define:
1

(Zop1oEpey) = (E.E) U (Z',E T r(x), r'(§)+q(n) H

n+1’ n+l

(The r-symbols in w(S ) have to be fresh compared to previous r-symbols
v (nt1),
in ( ,E ) )

Further, let (Zw ’Ew) = U (Zn,En).
new

CLAIM 1. (ZpoE) 9 (E,ED S oo 9 (2 ,E) 9 .. g (£,,E,).

PROOF 'OF CLAIM 1. To show that (Zn,En) g (z ) for all new, we

E
n+l1’ n+l
use the conservativity criterion 2.7.1. Since we know (in case 2 above) that

a is true in every A ¢ Alg(Zn,En), the newly added r-symbols can be

n+1
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interpreted in A; that is, A can be expanded to an A' ¢ A1g(Zn+1,En+]).
To show that (Zn,En) = (Zw,Ew) for all n e w, suppose Ew F— p, for
some p € L(Zn). Then for some finite D E-Ew’ D |- p. Hence for some m 2 n,

%m - p. Since (ZnQEn)ﬂ (Zm,Em) as just shown, En }-p_ 0

low that (Zw,Ew) is constructed, the statements e’WP(Zw) and assertions

L(Zw) are again enumerated, and the procedure is repeated to yield ((Ew)w,
E)) = (Zm.Z’Ew.Z)’ Likewise (I
).

,E ) is constructed, and we put
w.n’ w.n
= E
new Zw.n’ w.n

JLAIM 2. (Zw n ’Ew n) £ (2',E'), for all new; and (Z',E")is logically

’)ROOF OF CLAIM 2. The first part is as in the proof of Claim 1. The

logical completeness is shown as follows. Let Alg(Z',E') |= {p}S{q}, where
'p} S{q} € L(Z'). Then {p} S {q} €L (X
Xlg(zw.n ’Ew.n
irgument: because no models were 'lost' in the construction, i.e.

" n’Ew n) for some new , and

) |= {p} S{q} follows from Proposition 4.13. (Alternative

> (Alg (Z',E') = Alg(Zw n’Ew n ) for the suitable reduction operator p.)

ience Ew.(n+l) contains k({p} m (S) {q}), that is: HL(Zw.(n+l)’Em.(n+l))

~ {p}s{ql. O
>.2. COROLLARY. Let Alg(L,E) | S C'S,. Then:
Al 1
3(z',E') B (I,E) 5) € mLezt,enS2 -

PROOF. Let (Z'E') be a logically complete refinement of (I,E); by the pre-
teding theorem it exists. By Lemma 4.13,

\lg (I,E) = s, Cs,«>Alg (Z',E') | s, Cs
low Alg (Z',E') |= s, C s, implies

p,q € L (2') (Alg (Z3E") | {p} S, {q} = Alg (2",E") | {p} s, {a}.)
Jence by logical completeness of (Z',E'):

p,qe L(Z') (HL(Z',E') | {p} S, {q} = HL (z',E") F{p}s {q}

fee 8/ C prpigry Sp - O

2°

».3. DEFINITION. Let (Z,E) be a specification. We say that (Z,E) has an

sP-calculus (strongest postcondition calculus), if for each
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2(X) , S € WP(Z) there exists an assertion SP(p,S) € L (Z) such that
HL(Z,E) |- {p} S {SP(p,S)}

if HL(Z,E) | {p} S{q}, then (I,E) |- q + SP (p,S).

THEOREM. Let (Z,E) be a specification without finite models. Then there
conservative refinement PA(L,E) of (Z,E) , called the Peano companion

I,E) , which has an SP-calculus.

7. For the definition of PA(IZ,E) and the proof that it has an SP-calcu- .
see BERGSTRA-TUCKER [10] and BERGSTRA-TERLOUW [6]. 0

|. REMARK. It is possible to construct a 'formal' companion having an
1lculus, without the restriction on E, but at the cost of an infinite
iture extension. For the sequel we will not need the full strength of

>-calculus and we will be satisfied with the following proposition.

). PROPOSITION. Let p,q € L (Z) and S € WP(Z).
Let p By q abbreviate V (SP(p,S) - q) , where V denotes the uni-

versal closure. Then:
' S
PA (7,E) | {p A p ~>~ q} S{q}

(a kind of 'S-modus ponens').
Let p =S='q abbreviate V(Ak ({p} m(S) {q})), i.e. the universal closure
of the conjunction of the consequences in {p} w(S) {q}. Let

'=3Xu ZN(S) . Then:

', 8) | {p/\pgq}s{q}.

?
‘e

at once from the definitioms.

a tedious but routine verification by induction omn S.




OVING PROGRAM INCLUSION

We are now in a position to prove one of the main theorems of this
per, viz. the equivalence of semantical and cofinal inclusion. After that

will show how this fact can be exploited to give formal proofs of program

zlusion.

I. THEOREM. Semantical and cofinal inclusion coincide; i.e.

> — \ 1] 3 nmen 1 ]

JOF. (=) Suppose Alg(Z,E)|= Sl E_Sz and consider (X',E')® (I,E). By
:orem 6.1 there is a (Z£",E") & (2 ',E') which is logically complete. From
r(Z",E") |= S1 E_Sz we have

q e L(I") (Alg(z",E") |= {p} S, {a} = Alg(z",E") - {p} s

; tal ).

the logical completeness we can replace "Alg(I",E") F" by "HL(z",E") |-"
ult: S] E-HL(Z",E")SZ .
Let E have no finite models. (The case that E has finite models, can

dealt with analogously, as suggested by Proposition 6.4.2.)

Suppose Alg(Z,E) | s, C S, - Then also Alg(PA(Z,E)) [# 8 C 5,, by
ma 4.14. So there is an A € Alg(PA(Z,E)) such that A;l# S1 E-SZ . Hence
© some Z,g € A we have "A |= s, (@) = B" but "A = S, (a) # B" , par abus
language. These facts can properly be expressed by

> > 82 > > -> >
6 = (x=a ~~o> x#b) A Compn,Sl (8 =b ,
some n. (See the Computation Lemma 1.1.2.) The E_, E are new constant
bols. Let A'> A be the expansion of A with distinguished elements a ,g,
let (X',E') be the conservative refinement of PA(Z,E) obtained by adding
b to the signature. (By Lemma 2.7.1 this is conservative indeed.) Now

HL(Z',E') | {6ax=23}s, {Xx#D}

) HL(Z',E') [ loax =2)s {4 B ).
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) this is Proposition 6.4.2(i).
i) A' [ {64 %=3)5 {x#b}, hence Alg(z',E") }¢{6A%=a) s, {x#B} .
oundness of HL, (ii) follows.

Finally; we note that (i) also holds in refinements of (Z,E'), trivi-
; and the same for (ii) by the downward invariance of Alg( , ) F {p} s{q}

position 4.13). Therefore, S. C _, .. S, for all (Z",E") & (Z',E'). [
1 =(z",E") 2

We now know that

HL(Z,E) |-

s, Cs, A

ké;V HL(Z,E) |}

S; £ S,
s, C S
] "HL(Z,E) 2 Jl
(Z,E) logical - v3 Alg(Z,E) |=
N complete S] C SZ<=$ S Cs
‘HL(Z,E) 1 = 72

s, C 5| &

HL(Z,E)

ve want to prove that, in general, all implications are displayed in

figure. First we will show in Examples 7.2 and 7.3 that C HL(Z,E)

+(Z,E) are incomparable. (See also the following Venn-diagram.) Then,
> b

and

tample 7.4, we show that derivable inclusion is strictly stronger than
d inclusion, in general. (I.e. the proof system corresponding to de-
>le inclusion proves less inclusions than the one corresponding to for-
(nclusion.) Further, it will be shown in the next Section (Theorem 8.5)
forced inclusion and semantical inclusion are in general not equivalent.
-her words, the proof system corresponding to forced inclusion is in-
lete.

Finally, at the end of this Section in Remark 7.8, we will prove that

‘dotted' implication for logical complete (Z,E) (see figure above) can




general not be reversed; and we will prove some ‘tions in the part

ntuition' of the Introduction.

nn—-diagram of the various notions of inclusion

logical inclusion (i.e. HL(Z,0) |- S1 Cs Ex. 7.6 and 7.7)

2 !

derivable inclusion

forced inclusion

semantical inclusion = cofinal inclusion
prooftheoretic inclusion

inclusion in some extension

SN\
.\"\‘\\\:\:‘;\\ N RS EPRS
AN i/
Wi ‘\t\ o - i I
QUK %) ; 7
NN\ 74
// 4 : /7 7 -
)y .
R .

."Al,/' / ’/ !

N
)

ion: give a
ral' example
semantical but

orced inclusion.

2 (= 7.4)

-unwinding'

7.6)
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EXAMPLE. Let A = (N,0,S,P) , the 'abacus-algebra' as in Section 8, and
lder (ZA,EA). Define:

S] = y:=0 ; S' where S' = while x#0 do y:= Sy ; x:=Px od

S2 = yi=x ; x:=0

Lg(ZA,EA) l= S1 C SZ' However, S1 Z S2 because

HL(Z,Ey)

HL(Z,,E4) F {x=z} S, {x=0 A y=z}

HL(Z4,E4) I {x=z} §, {x=0 A y=z}.

' OF (ii): Suppose not (ii). Then HL(ZA,EA) - {x=z A y=0}S'{x=0 A y=z}.
» there must be an invariant r(x,y,z) such that EA l— ¢1 A ¢2 A ¢3

x=z A y=0 - r(x,y,2)

Ix',y'[x'# 0 A x= Px" A y= Sy' A r(x',y'2z)] > r(x,y,2)

x=0 A r(x,y,z) > y=2z .

A |= ¢1 A ¢2 A ¢3 . However, a simple proof shows then that

r(a,b,c) <> a+b = c, in contradiction with the non-definability of

A, see Remark 8.3.1. and 3.3.2. [

EXAMPLE. Let N =(IN,0,S,+,%) , I the signature of N and E = EN. Fur-
lore, '

x:= 0; while x#y do x:=x+1 od

X:=y
(1) S]

mL(z,E)S2> Put (A1) 8 #4005, 552 -

(i) HL is relatively complete for N, i.e:
fp} S{q} = UL(Z,E) |- {p}sS{q}.
e S, = S, implies Vp,q N = {p} $;{qa} =N = {p} Sy {q} or equi-
tly Vp,q HL(Z,E) | {p} s, {q} = HL(Z,E) |- {p} s, {q}, i.e.
[L(Z,E)SZ . Since in our case indeeg N |= $, = 8,, we have (1).
However, in a nonstandard model N ¢ Alg(Z,E), S, will diverge when

1
SZ’ hence Alg(Z,E) [# S1 = 82 .

m

nonstandard.. So N I S,

EXAMPLE. Back to Example 7.2, which shows moreover that
E) | s, Cs, +# HL(Z,E) [F s, Cs,.




'rom Sl E-HL(Z ,EA)SZ it follows trlvlally that S1 E_Sz 1s not derivable.
owever, for (X',E') = (ZA,,EAf) where A' = ( N ,0,S,P,+) we do have

HL(Z405B40) | S, T8, (%)

he proof of (*) is by the method of prototype proofs, as follows. Consider
(Sz) : this is

ro(x,y) } {r; (x,x)} y:=x {r,(x,7)} {r,(0,¥) }x:=0 {rz(x,y)}v{r3(x,y)}-

o0 we have to find a proof of {ro(x,y)} S] {r3(x,y)}
n the theory EA' U {ro(x,y) - rl(x,x),
r, (x,y) > r,(0,y),
r2(x,y) > r3(x,y)}.~
1is is indeed possible:
{ry(x, 9} {r, (x,x)} {r,(0,x)} {ry(0,x)}
y =0 |
{r3(0,x) Ay = 0} .
{on [r3(0,x0)'A x=x, Ay = 01}
{on [r3(0,x0) A Xty = X, 1}
while x40 do

{on [r3(0,x0) A X+y = Xy A x#0]}

{3x0 [r3(0,x0) A Px+Sy = Xy A x#0]}
y := Sy

{Exo [r3(0,x0) A Px+y = Xy A x #0 ]}
X := Px

. {Exo [r3(0,x0) A Xty = %) 13}
— {3x0 [r3(0,x0) A X+y = X 1 A x=0}
{3x0 [r3(0,x0) A y= Xy A x=0]}
{ry(x,y)3.
The above concepts and-theorems generalize without any effort (other

an notational) to the case of multi-sorted signatures and algebras. To

bstantiate this claim, we give the following example.
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EXAMPLE. Let I be the multi-sorted signature consisting of
ins . : NUM, VEC, FUN
tants : 0, 1 € NUM, @ € VEC
tions i +-: NUM x NUM - NUM
° ¢ NUM x NUM -+ NUM
AP: VEC x NUM = VEC
INP: VEC x VEC - NUM
ROW: FUN x NUM » VEC
EVAL: FUN x NUM - NUM
bles : x,y,z € NUM
X,Y,Z € VEC
o, B € FUN

specification (Z,E) we are interested in, has the following axioms,

ribing how the inproduct between two vectors should behave:

E = { Peano + all induction axioms
INP($,Z) = INP(Z,8) = O
INP(AP(Z,x),AP(Z',x')) = INP(Z,Z') + x+x'
AP(Z,x) = AP(Z',x'") » Z=2' A x=x'
ROW(c,0) = @
ROW(a, x+1) = AP(ROW(a,x), EVAL(a, x+1))
Vx EVAL(o,x) = EVAL(B,x) - o = B }

lermore, let SI’SZ € WP () be the following programs, both computing

mproduct of two vectors:

A:=@, B:=@; z:=0; x:=0;

while =x#y do x:= x+1 ;
z:= z+EVAL(a,x)- EVAL(B,x)
od x:=0.

A:= ROW(a,y) ; B:= ROW(B,y) ; z:= INP(A,B);
x:=0 ; A:=() ; B:=f.

Now we want to prove that Alg(I,E) [|= 5, C S,. (The reverse does not

9"
by the presence of nonstandard models in Alg(Z,E).) This can be done

oving that HL(Z,E) |- S, E_Sz, using the method of prototype proofs,




46

as follows. First we write down n(Sz):

{ro(xsy’z’ A’B)'}
_ {r,(x,y,z, ROW(a,y),B)}
:= ROW(a,y)

A:=
{r](x,y,z,A,B)}
{r,(x,y,2,A,RON(B,y))}

B:= ROW(B,y)

{rz(x,y,z,A,B)}

{ry(x,y, INP(A,B), A, B)}
z:= INP(A,B)

{r3(x,y,z, A,B)}

{r4(0,y,z,A,B) }

x:;= 0
{r4(x,y,z, A,B)}
{rs(x,y,z, ¢, B)}

A:= @ '

{r5(x,y,z, A,B) }
{r6(x,y,z, A, 1}
B:= ¢

{r6(x,y,z, A,B) }
{r7(an9zs AsB) }

So K(n(Sz)), the set of consequences used in W(Sz), entails the foll

implications:

ry (x,y,2z,/A,B) >
r (x,y,2z, ROW(a,y) ,B) -

(x;¥,z, ROW (a,y), ROW(B,y)) ~
(x,¥y, INP (ROW(a,y), ROW(B,y)), ROW (a,y) , ROW(B,y) ) -
(0,¥y, INP (ROW(a,y), ROW(B,y)), ROW (a,y), ROW(B,y) ) ~
(0,y, INP(ROW(a,y), ROW(B,y)), @ .» ROW (B,y) )
(0,y, INP(ROW(a,y), ROW(B,y)), @ > 9)
7 (0,y, INP(ROW(a,y), ROW(B,y)), @ > 9)

r

r

r

¥

r

r

AN LN

r

Using these implications together with the theory E, we can prove
{ro(x,y,z, A,B)} S, {r7(x,y,z, A,B) } (and by Lemma 5.10 this proves

HL(Z,E) |- s, C s,))
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{ro(x,y,z, A’B)}
{r7(0,}’,INP(R0W(0t,Y),ROW(B,Y)) ,0,0)}

A:= 0;
{r7(0,y,INP(ROW(a,y),ROW(B,y)) »A,0)}
B:= 0;
{r7(0,y,INP(ROW(a,y),ROW(B,y)) ,A,B)} (abbreviation:r;)
z:=_0;
{r; A z=0}
x:= 03
{r; Az=0Ax=0}

{r; A z= INP(ROW(o,x),ROW(B,x))}
while x#y do :
{r; A z = INP(ROW(a,x),ROW(B,X)) A x#y }
x:= x+1;
{r; A 3x'(z= INP(ROW(a,x"),ROW(B,x")) A x=x"+1 A x'# y)}
z:=z+ EVAL(0,x). EVAL(B,x)
{r; A Hx',z'(z'=INP(ROW(0L,x'),ROW(B,x') Ax =x"+]
AX'#y Az=2z"+EVAL(a,x). EVAL(B,x))}

(Now use E :)

{'r; A 3x'(z = INP(ROW(a,x"+1), ROW(B,x'+1)) A

x = x"+] A x'# y)}

{r;' A z = INP(ROW(a,x) , ROW(B,x))}
od
{r; A z = INP(ROW(a,x) , ROW(B,x)) A x=y}
{r7(0,y,z,A,B)}
x:=0
{r7(x,y,z,A,B)}.

- Alg(%,E) | s, C s,.

EXAMPLE. Define (as a special case of derivable inclusion) 'Zogical
ston' of S. in S, as follows: HL(Z,0) - 5, E.Sz. Now the following

1
known equivalences are 'logical'.




() (Loop-unwinding)

S] = while bdo Sod ;D (D= x:=x)
SZ= i_j;bthenwhilebd_oSo_d;DelseD

The proof that HL(Z,@) l— S] C 82 follows immediately by computing
'IT(S]) and using the thus obtained set of consequences K(TT(S])):
ro(x) - rl(x)
rl(x) Ab > r, (0)
rz(x) -+ rl(x)
rl(x) ATlb > r3(x)
to prove that {ro(x)} Sz{r3(x)}. Likewise for the reverse inclusion.

i) Another example of logical inclusion, which is equally simple to verify:

S1 = while true do § od
52 arbitrary.

Then HL(Z,0) |- 5, C 52‘ This example is from DE BAKKER [4], p.93, as

well as the next:

ti) S1 = while b] v bz do S od
S2 = while bl do S od; while b2 do S; while b1 do S od od. Also

here a simple computaion yields the logical equivalence of SI’SZ'

7. EXAMPLE. MANNA [20], p.251 , p.259 gives several examples of program

Ji;ralence which are all 'logical':

) S1 = X, = f(xl); X, 3= g(x],x3)

52 = %, = g(x],x3)
L) S1 = while p(xz) iq_x] := g(xl,x3) od D

82= if p(xz) than DIV else D fi

Here DIV = while x=x do x :=x, and D = x :=x.
i)S]= x:=y+1;ifx=1£1r_1_eﬂz:=0e_ligy:= y+l 3

if y=1 then z:=1 else z :=2 fi fi
SZ= x :=y+l; if x=1 then z :=0 else y :=y+1;

z :=2 fi,

.apted from MANNA [20] p.252. Note that S1 contains a useless branch.)

'« REMARK. (1) Abbreviate

¥p,q € L(I) Alg(I,E) |= {p} S {q} = Alg(z,E) | {p} s, {q}




oh E-PC(E E) S,- (PC for partial correctness.)

Then, for (Z,E) logically complete, it follows at on
tlon (1.2.2) that E HL(Z E) and E-PC(Z E)
Slnce S C

Alg(z, E) 1mp11es S] E-PC(Z,E) 82 (t

), we have therefore for logical complete (Z,E):

coincide.

51 Eag e @ 51 Eme,mnss

reverse implication does not hold. Counterexample:

x =0, y:=0

while x # y do x :=x+1 od ; x:=0; y :=0
) = (ZN ’EN ) where N = (N,0,1,+,x).
(£,E) is logical complete (see BERGSTRA-TUCKER [71]) an«
lete for N (see DE BAKKER [4] , Ch.3). From the last f
However, due to the presence of nonsta

1 ZmL(z,E) 52

£,E), we have S] ¢A1g(Z,E)SZ'

Note that (1) also establishes that (ii) % (i) (i.e.

= pez,B)%2 7 51 E a1g(r,m)S2)

her counterexample, see BERGSTRA-TUCKER [5] , Theorem 5

as claimed in the I

As claimed in the Introduction:
1 \
Alg(Z,E) E s;E s, = VYC',E") & (3,E) S, I_Z_PC(Z
(=) is trivial . Proof of («): assume the RHS, and su
£,E) H S1 E_SZ. Then since semantical and cofinal in

>rem 7.1):

3(z',E'") B (Z,E) V(Z",E") B (Z',E") 5, g'HL(

consider such a (X',E'), and a (Z£",E") which is logica
by the assumption of the RHS, Sl E-PC(Z",E")SZ ; and
2ness, S] [;_ HL(Z",E")SZ °

radiction. g
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BACUS ARITHMETIC.

In this section we will consider our paradigm algebra A = (NN ,0,S,P).

s useful by the following two well-known facts (already mentioned in
ple 3.3.3):

PROPOSITION. (i) EA is a decidable theory, and (ii) every partial re-
ive function can be computed in A by some S e WP (ZA ).

Using this proposition we will calculate the degrees in the arithmet-

hierarchy of the various inclusions S1 E_Sz (as predicates of SI’SZ)
t. (ZA,EA).

For a proof of 8.1. (ii), see e.g. BOOLOS-JEFFREY [11], Ch.6,7, where
lts from LAMBEK [19] are presented. The proof there uses in fact not
e-programs, but flow-diagrams composed of only two operations:

assignments x o= S(xn) (n= 0,1,2,...)

branching operations

- X = P(xn) —

pointed out in LAMBEK [19], such a flow-diagram is in fact computing

1 'infinite abacus'. Variables as in such a diagram are known as coun—

») Combined with the equally well-known fact that for every flow-diagram

> is an equivalent while-program (see e.g. MANNA [19] ) we have 8.1.(ii)
For the sake of completeness, we will now outline a proof of 8.1.(1) ,

iven in ENDERTON [14] .

DEFINITION., Let A be some set and let R S.An be an n-ary relation.
1seeesd g € A be fixed. Then {x €A | R(al,...,ai_],x,ai ""’an—l)}

1lled a section of R (where 1< i < n).

PROPOSITION. (a) Let A' = (N ,0,S). Then :
EA' is decidable,
EA' admits elimination of quantifiers,
) a subset X ¢ N is definable in A' iff X is finite or cofinite (i.e.

N -X is finite). More general: every definable n-ary relation
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R c N has only finite or cofinite sections.
(b) The same as in (a) holds for A = (N,0,S,P),
(c) and likewise for (Z ,0,S,P).

PROOF. (a) See ENDERTON [14]. (i) is proved there by considering the fol-

lowing axiomatization of EA :

S(x) # 0

S(x) =S(y) »x=y

y 40 > 3x(y=5 (x))

S(x) #x, S(5(x)) # x,..., ST(x) # x,...(all n).
Using the tos—Vaught Test it is proved that this axiomatization is complete
Obviously it is also decidable. Hence EA ':1'.s decidable.
(ii) As demonstrated in ENDERTON [14], for every assertion p ¢ L(ZA) ther
is a quantifier-free assertion q such that Egr  p <> q. (This 'elimina-
tion of quantifiers' yields another proof of (i).)

(iii) Routine from (ii).-
(b) Note that P is definable in A' = (IN,0,S) , by:

P(x) =y <> x=y =0 v S(y) = x. Now use (a).
(c) A routine adaptation of (b). [

8.3.1. REMARK. Note that Proposition 8.3 (b) (iii) yields an alternative
proof of the non-definability of + in A. For, using a supposed definition
of + one could define the set X of even numbers in A; a contradiction

sinceX and its complement are both infinite.

8.4. APPLICATION. The following is an example of S],S2 such that the domain
inclusion Dom (SI) C Dom (Sz) is not derivable but can be forced. (See
Section 9, Ex.9.5 (ii).
Let A be (Z,0,S,P) and (Z,E) = (ZA,EA).
Let §, = y :=0; while x#y do y:= S(y) od;
y :=0; while x#y do y:= P(y) od

and 82 = y:=0; if x=0 then =x:=x else DIV fi

where DIV = while x=x do x:=x od.




arly, S1 and 82 converge on X =0 and nowhere else.

HL(I,E) |- {x#O}S2 {false}, as can easily be proved; however

(Z,E) ¢ {x#0} S, {false}. This can be made plausible by considering
informal proof of {x#0} Sl{fglgg} ; then somehow one must mention the
ering < on Z . However, < is not present in I, and not even definable in
E). (The non-definability of < in (2,E) can easily be proved using

ba's method 3.3, by permuting some of the non-standard copies of Z in
n-standard model of (I,E); cfr. 3.3.2.)

That HL(I,E) | {x#0} S, {false} can be made precise as follows.
iL(Z,E) !— {x #0} S1 {false}, then, using x = S(y) <> P(x) = y, one

7s easily that the two invariants rl(x,y) ,rz(x,y) in S1 must satisfy:

1) x40 ~» rl(x,O)

2) x#y A (x,y) > r (x,5(y))
3) r](x,x) - r2(x,0)

4) x#y A 1,(x,y) > 1, (x,P(y))
5 1 rz(x,x)

e are several '"solutions" for r;.T, as subsets of ZZZ. However, using
) we have-rl(l,O); hence rl(l,l); hence r2(1,0); hence rz(l,n) for all
0. Moreover, from 4),5) : 1 rz(l,m) for all m > 1. Therefore every so-
on r, has a section which is neither finite nor cofinite; so, by

osition 8.3(c)(iii), T, is not definable.

As promised in Section 7, we will show now that semantical inclusion

forced inclusion are in general not equivalent.

THEOREM. The proof system HL(I,E) | S, E_Sz 18 in general not com-

e for S1 E-Alg(z,E)Sz'

F. Let I be the signature of A = < W,0,S,P>. From Proposition 8.3.(b)
now that E = E, is decidable. Let " 7 :WP(L) + w be an effective coding of
rams; we will write s for"S?, R and r are two relations on pairs of

5 of programs as follows:
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t(s; ,s,) <= HL(LE) |- s C s,
R(spssp) = S| yer,p)S2
incompleteness of ||~ for E—Alg is shown by considering the specifica-

(Z,E) and demonstrating that R # r. It turns out that R and r have
erent positions in the arithmetical hierarchy. As a matter of fact r is
. 0 . . .
ut R is complete H2 , and a fortiori r and R must differ.

We will first consider r. Working from its formal definition we ob-

1»8y) = 3C@E) e (5,E) [HL(LE) |- s, Cs,]
(1)
= 3(C',E") B (3,E) [(5,E) consistent & HL(Z,E) |- S, [ 8,]
(2)

- 51(;:',E*)filnite [£'> 3% & (3',E U E) consistent

C s 3

1

& HL(Z',E' U E) | § )

(1) is justified by the completeness of (I,E) which entails that each

istent refinement of it is a conservative one. Step (2) follows from

1 5.10. (ii) which says that the refinement in the definition of |}

se taken finite if one wants. Because "(Z',E* U E) is consistent" is a

redicate and HL(Z',E* u E) P— S1 E_SZ is Z? (due to Theorem 5.11 and

lecidability of E), r must be Z5 .
Then consider R. S1 cC Alg(Z,E)SZ is in general Hg in E, R is at most
To show that it is complete Hg . A well-known example of a complete

xlation is the following one: t(s) <> S computes a total function on

for more information see ROGERS [22]) . We show that t is 1-1 reducible

, Let XS = {x],...xk(s)} be the set of variables occurring in S. For

(S » H(x) abbreviates the program while x # 0 do x := P(x) od.

) abbreviates: H (Xl) ; H(x2) Secess H(xk(s)): The reduction of t to R

35 as follows:

F'S Bl

=

tC s De RCHEY LT 55 HEY ).




To see («=), assume H(X ) E Alg(z, E) 3 H(X ) ; then in A:

S ) C s; H(X ) ; because H(X ) is total on A, S must be total on A as
11, i.e. t( ) holds. On the other hand assume t([_ _]). Let B € Alg
sE) 3 clearly A is isomorphic to a substructure of B. As H(X ) and S;

X ) can only produce output G it is sufficient to show

m (H(X )) < Dom (S ; H(X )). Dom (H(X )) = Ak(s), thus S is defined on

m (H(X )) and yields values in Ak( ) on such arguments ; on these values
turn, HL(XS) is defined. 0

DOMAIN INCLUSION.

In this section we will show that given some additional information
out the domains of SI’SZ’ semantical inclusion and forced inclusion

E'SZ coincide.

1. DEFINITION.

) (Semantical inclusion of domains)
Let §,,5, ¢ WP (Z). Then Alg(3,E) | Dom(S,) C Dom (s,)
if for all A ¢ Alg(Z,E) , Domain (SIA) < Domain (SZA).
Note that Alg(Z,E) |= Dom (Sl) C Dom (Sz) implies:

Alg(Z,E) [ {p} S, {false} = Alg(x,E) | {p} s, {false}.

.) (UL - Znelusion of domains)  Dom (S ) C Dom (Sz) iff:

HL(Z,E)

HL(Z,E) |- {p} s, {false} =
HL(Z,E) |- {p} 8, {false}l , for all p € L(Z).
1) (Derivable inclusion of domains)

HL(Z,E) |- Dom (S,) CDom (s,) iff:

2)

V(£',E') & (Z,E) Dom (S ) C HL(Z',E') Dom (SZ)
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(Forced inclusion of domains)

HL(Z,E) || Dom (S;) C Dom (S,) iff:

2)

3(z',EYk (%,E) HL(Z',E') |- Dom (5,) E Dom (8,).

1. REMARK. The mathematical theory of domain inclusion is quite com-
ated in fact. For instance a pentagon of inclusion relations similar
1e one after Theorem 7.1, can be constructed and will turn out to have

>gous properties.

In order to prove the main theorem of this Section, we need the fol-
1g proposition.

PROPOSITION. Let SI’SZ € WP(Z) contain both the variables XpseeesX
suppose Alg(X,E) F= S1 E_SZ. Then there is a (£',E') B (I,E) such that
Tu {fl,...,fn}, where fl""’fn are 'fresh' n-ary function symbols,
sjuch that

>

HL(I',E') | {x = 2} s, {x = £(2)}, i=1,2-

L ¥ = f(Z} abbreviates: X, = f](x],...,xn),...,xn = fn(xl""’xn)')

. Let " =X v {f],...,fn} and E" = E U T where T =
{Comp (;) =X + %= f(Z) l n=>0,1=1,2} -
n,Si
"Comp', see Lemma 1.1.2.)

Now every A ¢ Alg(Z,E) can be expanded to an A' ¢ Alg(z",E"), since
,E) F= S1 E_SZ. Choose for the interpretation fA an arbitray total

ion extending the partial function S (which extends itself S]A).)

2
fore, by the criterion for conservativity 2.7.1, (Z",E") & (Z,E).

ly, Alg(Z",E") |k {x=2} s, (X=£(2)}, i=1,2.

Now let (X',E') be a logical completion of (I",E"). (By Theorem 6.1.

exists.) Then Alg(Z',E') |= {§?=Z} Si {§ = f(Z)}, i =1,2; and by the




gical completeness we have:

HL(Z',E') | (x=32} S, (x=£®@)}. [

3. THEOREM;Suppose HL(Z,E) |} Dom (s;) C Dom (S,). Then

Alg(3,E) F s, C's, « HL(LE) |F s, Cs,.
J0F. («) is already done in Section 7.
). Let S],S2 € WP(Z) be such that HL(I,E) IF Dom (Sl) C Dom SZ) and
z(Z,E) l= S1 E_Sz . Let x = XpsenesX be the variables occurring in Sl,S
2p 1. Extend I to 21 containing n-ary function symbols fl""’fn and
to E; such that (£,,E;) & (I,E) and HL(Z,E) | {x=2} s, (x= £},
= 1,2, This is possible by Proposition 8.2.

By assumption, there is a (ZZ,EZ) b (Z,E) such that HL(ZZ,EZ)
Dom (Sl) C Dom (SZ) . We may suppose 22 n Zl = % (cf.4.7.2) , hence by
>inson's Consistency Theorem 2.6.2 , (Z',E'") = (Z]U 22, EILJEZ) is a con

cvative refinement of (I,E).
\IM. HL(Z',E'") ]— S1 E_SZ. Then we are through.

JOF OF THE CLAIM. Consider a refinement (Z",E") & (£',E") such that

HL(Z",E") l— {p} 82 {q}.
prove: HL(Z",E") |- {p} s, {q} 0).

riously, since q [£x)/ x1 vV 1q [£(x)/ %] is a tautology,

is equivalent with (1) & (2) as follows:
HL(Z",E") | {p A q [£) / %1} 5, {q}

HL(Z",E") |- {p A 1 q [£(X)/ %1} S, {q}.

1

0of of (1). By the rule of consequence, it is sufficient to prove that

HL(Z",E") | {q [£() / X1}s, {q}.

know HL(Z],E]) ]— {x= Z} S1 {§= f(Z) }, hence

}s

MYy MY

N

vially HL(Z",E") | { {x =£(2)}.

1




57
roposition 1.2.3 :
HL(Z'E") | {x=2 aql[£(2) /Z1}s {x=£(3) Aql£(2)/31}.

e indeed HL(I",E") |- {q[f(x) /X1} s, {a}.

£ of (2). We know that HL(Z",E") I— {p} 82 {q}. So, by the conjunction

(1.2.3 (i))and invariance rule (1.2.3 (iii))

LEM) - (E=Z Ap A1qlE(Z) /% 1} S, {qA x=£(z) A Tql£(z) /X]}
> the postcondition obviously implies {false}. By the assumption
2,Ez) F- Dom (S]) C Dom (SZ) we have therefore the same for §
LEM) | {x=z A p A qlE() /R1} s, { false).

1e rule of consequence:

]:

HL(Z",E") |- {¥=Z Ap A q [£(3) /%]} s, {q}.
oposition 1.2.3 (iv):
HL(Z",E") |- {32 &=2 A p A 1q[£(3) /3]} s, {q}.

indeed HL(Z",E") |- {p A Tq[£(®) /¥1} s, {q}. 0

COROLLARY. Let SI’SZ € WP (Z) and suppose that 82 is everywhere con-
ng, for all A ¢ Alg(Z,E).

Alg(3,E) F s, Cs, e HL(I,E) |- s,Cs,.

+ (¥ already proved in Section 7. (=) By the soundness of HL(Lemma
), we see that HL(ZI,E) {f {p} S2 {false} for all p e L(Z).
trivially HL(Z,E) | {p} S, {false} = HL(3,E) |- {p} s, {false},

HL(Z,E) |- Dom (s;) € Dom (S,) .

fore, also trivially, HL(Z,E) IF Dom (Sl) C Dom (SZ)'

pply the preceding theorem . O

EXAMPLE. (i) Let SI’SZ be as in Example 7.5. Then
,EA) IF S] E.Sz and S2 is always converging. Hence by 8.4,
A’EA) F= S1 E_Sz. (ii) In Ex. 9.5. (i) the domain inclusion is already
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derivable. An example where domain inclusion is not derivable but can be

forced, was given in 8.4.
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